A simple viscoelastic approach is proposed to describe the periodic patterns, characterized by static walls and splay-bend distortion, which appear in samples of nematic liquid crystals having dielectric anisotropy a dependent on the frequency. The modulated structure, resulting from a steady velocity field v coupled with a steady director field n, is achieved when an electric field is applied normally to the plates of a planar unidirectional nematic cell. Such a kind of quasistatic domain is theoretically investigated not only in the frequency region, where the usual aperiodic Fréedericksz effect becomes unfavorable, Re͑ a ͒ still being positive, but also where Re͑ a ͒Ͻ0, favoring in principle the initial orientation. Both previous situations are considered in the vicinity of the sign reversal point. The present model describes the dielectric loss near the reversal point in terms of the appearance of the corresponding effective space charge, which interacts with the effective electric field, causing a steady electrohydrodynamic motion of very small amplitude inside the nematic liquid crystal layer. As a result, a quasistatic tilted modulated structure emerges, with wave vector parallel to the initial planar orientation of the nematic cell.
I. INTRODUCTION
The electrically controlled Fréedericksz effect in nematic liquid crystals ͑NLCs͒ is known to occur due to the dielectric coupling between the nematic director n and an external field E applied to a NLC layer properly aligned, for instance, in a configuration without any distortion. In particular, let us consider a unidirectional planar ͑P͒ cell, filled by a NLC with the real part of the dielectric anisotropy Re͑ a ͒, supposed to be positive at low frequency. The corresponding interaction energy density is given by f E ХϪ 0 Re͑ a )E 2 2 /2 for small director tilt angles ͉͉͑Ӷ1͒ from the initial P orientation, if E is normal to the cell plates ͓1͔. Obviously f E goes to zero for low values of the real dielectric anisotropy Re͑ a ͒Ͼ0 and disappears when the NLC reaches the dielectric isotropic point Re͑ a ͒ϭ0: for instance, such a condition can be reached for several mixtures of NLC compounds, by increasing the angular frequency of the applied electric field E͑͒.
In fact, special interest should be paid indeed for both fundamental and practical reasons to those NLCs that exhibit a sign reversal of the real dielectric anisotropy Re͑ a ͒ with the angular frequency of the applied field EϭE 0 cost. From an application point of view, it appears particularly interesting, when the sign inversion point ϭ i of the dielectric anisotropy is in the kHz region. A periodic domain structure was observed earlier in planar NLC cells ͓2,3͔, close to ϭ i , comprising a range where Re͑ a ͒ is given by Re͓ a ͑ Ͻ i ͔͒Ͼ0, ͑1͒
Re͓ a ͑ ϭ i ͔͒ϭ0,
and was considered as a pure electrohydrodynamic phenomenon ͓4,5͔. The electrohydrodynamic model of Goossens ͓4͔ in fact gave an approximate explanation of the stripes appearance in a NLC layer in the presence of ions, in the framework of a one-dimensional approach. Careful experiments have been performed ͓6,7͔, showing the appearance of quasistatic stripes in NLC cells obtained with mixtures of butyl-methoxyazoxybenzole and butylheptyloxyazoxybenzole, doped with cyanophenyl esters of benzoic acids. The quasistatic stripes are characterized by the splay-bend distortion only, where a steady director field n is coupled with a steady velocity field v, providing static stripe walls.
In this case, we will prove that neither the parallel ionic conductivity ʈ nor the ionic conductivity anisotropy a influences the instability threshold, whereas the threshold itself turns out to be strictly dependent on the ratio i / Ќ , Ќ being the perpendicular conductivity, and on the Leslie's viscosity coefficients ␣ 2 and ␣ 5 ͓8͔. We will treat these domains as due to a generalized periodic Fréedericksz transition ͓9-11͔ involving also steady hydrodynamics. Figure 1 qualitatively shows the behavior of the external electric potential at the threshold U c as a function of the angular frequency of the applied electronic field E in the case of a NLC exhibiting a ϭ a ͑͒ and filling a cell with initial P orientation. Near the inversion frequency, where the Fréedericksz threshold diverges, there is a critical frequency p Ͻ i such that the periodic domains arise and, as a consequence, the diagram shows the contemporary presence of three possible configurations, involving the unidirectional planar, aperiodic, and periodic alignments, respectively.
II. THEORY
The aim of the present paper is to give a simple explanation of the physical origin of the quasistatic domain structure not as a pure dielectric effect, like it happens in ideal insu-lating materials, but as a complex dielectric effect, resulting in a steady director reorientation, spatially periodic in the plane ͑x,z͒, involving just a splay-bend distortion ͑see Fig. 2 , where the x axis characterizes the P easy direction along both substrates and the z axis is normal to the substrates themselves͒. The director field n couples with a steady molecular velocity field v, allowing the domain walls to be fixed.
Such a periodic pattern is accompanied by a spatial regular induced potential distribution, providing an amplitude modulated internal contribution E I to the effective electric field E e ϭEϩE I , which turns out to be nonlocal, but dependent on the already established deformation in the whole cell.
Let us consider the external electric field E with amplitude
as applied along the z axis. The NLC filling the cell could be characterized by a Debye length either much greater than or of the same order as the layer thickness. Hence, in the first case it can only be considered as a perfect insulator, whereas in the second one its conductivity cannot be neglected. We will consider the more general case, taking into account the possible presence of space charges. The nematic director n deviates to the small tilt angle from the initial P orientation along the x axis, belonging to the plane ͑x,z͒: this is the simplest deformation, providing no azimuthal variation. Hence the director field reads nϳ͑1,0, ͒ where ͉͉Ӷ1. ͑3͒
The dielectric displacement vector D is given by
where the complex permittivity anisotropy is a ϵ ʈ Ϫ Ќ , ʈ and Ќ being the dielectric constants parallel and perpendicular to the NLC director, respectively. The parallel permittivity ʈ varies with the angular frequency according to the Debye model:
where 0 ϭЈ͑ϭ0͒, ϱ ϭЈ͑→ϱ͒, and D is Debye frequency. At the same time the normal permittivity Ќ is supposed to be real and almost constant in this frequency region. At the angular frequency ϭ i of the dielectric sign reversal, the uniform Fréedericksz transition cannot take place, since the corresponding contribution f E to the nematic freeenergy density vanishes. In fact, in the case of uniform Fréedericksz transition, the NLC mixture behaves as it would for a perfect dielectric material, since only the real part of the dielectric tensor matters: hence just the real part of the dielectric anisotropy ␦ϵЈϪ Ќ plays a role. Furthermore, the free-energy density due to the dielectric coupling reads
where E is the external field, since due to the absence of any modulation, the internal contribution E I may be neglected ͓1͔. Also D z turns out to be the z component of the external electric displacement
Critical electric potential U c ͑in arbitrary units͒ for aperiodic and periodic splay-bend distortion, as a function of the reduced angular frequency / i , where i is the inversion point of the real permittivity anisotropy ␦ϵЈϪ Ќ . When Ͻ i , then ␦Ͼ0 and vice versa. The phase diagram shows, for NLC materials similar to the mixtures used in the experiment ͓6͔, the regions where the initially undistorted P alignment, the aperiodic Fréeder-icksz deformation, and the periodic quasistatic domains are stable, respectively. Note the presence of the tricritical point C and, remarkably, the fact that the periodic steady deformation appears also for ␦Ͻ0, provided that the potential U is high enough.
FIG. 2.
Periodic splay-bend steady distortion in the ͑x,z͒ plane for a NLC having parallel complex permittivity ʈ dependent on the angular frequency of the applied electric field. The NLC director n, initially in the unidirectional planar ͑P͒ configuration along the x axis, is kept aligned parallel to the x axis at the substrate, due to the strong anchoring. The external electric field E is applied along the z axis normal to the cell plates. and the time average ͑in angular brackets ͗ ͒͘ of the electric free-energy density is written
where Tϭ2/ is the period of the applied field. Note that is time independent, since only quasistatic period patterns are investigated: as previously stated, n is a steady field. The first term in ͑8͒ does not depend on the director orientation and could be omitted, i.e., the Fréedericksz phenomenon is affected only by the second term. The latter one, according to Eqs. ͑2͒ and ͑5͒, is written as
where ␣ϭarg͑ a ͒ϭϪarctan͓Љ/͑ЈϪ Ќ ͔͒. At the point of dielectric isotropy, we obtain Јϭ Ќ and ͉␣͉ϭ/2, which means that the second term is zero, i.e., the uniform aperiodic Fréedericksz effect cannot take place ͑see Fig. 1͒ . Let us suppose now that the Fréedericksz transition takes place in the form of a modulated structure. Hence, as we mentioned above, the effective electric field E e is the superposition of the applied electric field E͑t͒ and of the small internal field E I (x,z,t). Such a nonlocal contribution cannot be neglected, as in the usual situations. In fact, when the periodic stripes exist, also the internal field must present a spatially modulated structure E I (x,z,t)ϭϪٌ(x,z)E(t), which influences the periodic pattern in its turn, as a feedback effect. Note that the characteristic length ͑x,z͒ can be defined as the reduced potential of the internal electric field, taking into account locally the effect of the nonlocal distortion in the whole cell. In this case the effective electric field becomes dependent on both coordinates ͑x,z͒ too and reads
͑10͒
Since E I is small as compared with E, then also ٌ͉͉ must be small, such as
͑11͒
The variations of the electric-field-reduced potential ͑x,z͒ are coupled with those of the director tilt angle by the Maxwell equation div͑D/ 0 ͒ϭdiv͓ Ќ E e ϩ a ͑E e •n͒n͔ϭQ/ 0 , providing the local Gauss law in the mesogenic material, in the form
where the spatial charge density Q is a priori due to the dielectric loss and to the ionic conductivity. Since the external electric field E͑t͒ is harmonic according to Eq. ͑2͒, consequently, neglecting the contribution of the higher-order harmonics, the effective spatial charge density Q is supposed to obey to the harmonic law with a phase shift with respect to the imposed field E:
The effective spatial charge density Q interacts with the effective electric field E e , exerting a drag force QE e per volume unit in the NLC cell, thus causing an electrohydrodynamic flow. Keeping only the zeroth-order term in the interaction, the drag force can be written as ϳQE, where E is the external field only. Due to the symmetry, the velocity field v is given by
Let us stress once more that all the small parameters ϵ͑,,Q c ,Q s ,v x ,v z ͒ do not depend on the y coordinate, since the present model is concerned only with domain walls oriented along such a direction. For this reason, in Eq. ͑14͒ v y ϭ0 too. In fact, the experiment shows that a linearly polarized light beam along the x direction gives a modulated pattern, whereas a light beam polarized along the y direction does not give any diffraction picture. We suppose that the ͑x,z͒ dependence of the abovementioned unknown parameters could be written as ϭ 0 exp͑iq x xϩiq z z) ͓12͔, where the subset 0 ϵ͓,,v x ,v z ͔ generally can be time dependent, q x ,q z being the wave vectors of the domains along the x and z directions, respectively. The linear electrohydrodynamic model describing the problem includes, together with Gauss's law ͑12͒, also ͑i͒ the Maxwell equation connected with the effective current density
where jϭE e and ϵ͕ ik ͖ϭ͕ Ќ ␦ ik ϩ a n i n k ͖ is the complex conductivity tensor; ͑ii͒ the Navier-Stokes equations, i.e., the Newton law connecting the particle acceleration components dv i /dt in the anisotropic liquid with the internal pressure P, the electrical drag force QE i , and the viscous stresses
where is the mass density and ⌺ i j is the Leslie-Ericksen viscosity tensor ͓8͔, expanded according to Rivlin's rule ͓13-15͔ in terms of the director n, of the emisymmetric velocity gradient A i j , and of the director substantial derivative N, where the linear combination coefficients are ͓1͔ Leslie's viscosities ␣ i ͑iϭ1,...,6), and K 11 ,K 33 are splay and bend elastic moduli. We stress the fact that the component v x does not appear in the system ͑20͒ because it is related to v z by the continuity equation for incompressible fluid ͑18͒. Moreover, when writing system ͑20͒, the complex nature of the permittivity and of the electric field has been taken into account, according to the relations ͓see Eq. ͑2͔͒
Similar relations were also considered for the relevant NLC conductivities, i.e., for the complex parallel conductivity ʈ ϭЈϪiЉ and the perpendicular conductivity Ќ , as taken with respect to the NLC director. Note that Ќ turns out to be real. Let us suppose that the system ͑20͒ has steady solutions 0 , 0 , and v 0 , i.e.,
To evaluate the threshold of the domain structure around the inversion point ϭ i , where Re͑ a ͒ϭ␦ϭ0, it is enough to compare the coefficients of the same order in cos and sin in the first two equations in the system ͑20͒.
Concerning the second two equations, it is possible either to average them over one period in time or to neglect the second harmonic contribution. The actual existence of the higher-order terms in cos͑2͒ and sin͑2͒ introduces only corrections of the order of
where K,␣ are averaged values of elastic constants and viscosities, respectively ͑see Ref. ͓12͔, p. 335͒. Such terms can be neglected in the present case, which comprises sufficiently large frequencies, around the sign inversion point. For the sake of simplicity, let us assume the hypothesis of one elastic constant and let us consider the weighted average of the viscosity
Then the system ͑20͒ reads, setting sϵЈ/ Ќ :
It is worth noting that the system ͑26͒ allows us to determine the five parameters 0 and the imaginary part of the conductivity Љ, which by definition gives an increase of the free energy embedded in the dielectric material. In particular, the last four equations of the system ͑26͒ enable us to express Љ in terms of the dielectric loss Љ:
which, for ␦ϭ0, is simply written
͑27Ј͒
Limiting ourselves to the hypothesis of conductivity isotropy ␦ϭ0 and considering Eq. ͑27Ј͒, the first five equations of the system ͑26͒ are linearly independent of the five parameters 0 ϵ͑ 0 , 0 ,Q c 0 ,Q s 0 ,v 0 ). The condition of nontriviality of these parameters provides the dispersion relation between the applied field amplitude E 0 and the instability wave vectors q x ,q z ,
where
and the in-plane wave vector, reduced with respect to the out-of-plane wave vector, is qϵq x /q z , as defined. In the general case, when ␦ 0, the potential UϭE/q z is obtained as
Let us stress the fact that the behavior of the potential U 0 ͑q͒ is deeply affected by the value of the angular frequency : actually, not only R͑͒ as defined in ͑29͒, but also ЈϭЈ͑͒ and ␦ϭ␦͑͒, according to
see the second equation of the system ͑5͒. Assuming the reversal point to be close to the Debye frequency i Х D , the condition ␦͑⇒ϱ͒ХϪ␦͑ϭ0͒ ͑32͒ has to be satisfied, providing ϱ , ␦͑͒ from the data 0 ЈϵЈ͑ϭ0͒, and Ќ Хconst. The minimum of the field E 0 (q), or of the potential U 0 (q), provides the threshold condition
In particular, close to the inversion point, but when р i , where it always is ␦у0, the usual aperiodic Fréedericksz threshold is recovered as
which turns out to be real and finite only for ␦Ͼ0, as expected. Instead, in the hypothesis ␦ϭ0 from Eq. ͑28͒, assuming /͑Љ 0 ͒Ӷ1, the field E 0 is given by
Thus, supposing ͉␣ 2 ͉ӷ͉␣ 3 ͉, ␥ 1 ϳϪ␣ 2 , the threshold field for the generalized periodic Fréedericksz transition is obtained by minimizing, as
the critical reduced wave vector being
Moreover, as is known from theory, in the case of strong anchoring the boundary conditions provide the out-of-plane wave vector as
which actually corresponds to the smallest possible director deformation across a NLC layer with thickness d. Thus we conclude that in the inversion point the domains arise as elongated in the direction perpendicular to the initial planar orientation at the threshold voltage:
with a critical wavelength given by c ϭ 2 q c q z ϭ2d. ͑40͒
We stress the fact that in both Eqs. ͑36͒ and ͑39͒ the threshold value for the periodic texture depends neither on the sign of ␦ nor on its absolute value: the periodic distortion can arise also for ␦р0. The experimental observations for several NLC mixtures ͓6͔, reported in Figs. 3 and 4, show good agreement with the predictions given by Eq. ͑40͒ for the critical wavelength c at the threshold.
III. DISCUSSION AND CONCLUSION
To discuss the agreement between the critical voltage for the generalized periodic Fréedericksz transition predicted by our model and the one obtained by the experimental observations ͓6͔, it is first necessary to give an estimate of the viscosity and conductivity parameters that are included in the present theory; see Eq. ͑30͒. First of all, the inversion angular frequency is supposed to be high enough to be comparable with the Debye frequency, so that i Х D : the experimental observations confirm this statement. Another parameter appearing in the theory is the real part of the ratio between the parallel and the perpendicular conductivity Ј/ Ќ . As shown by the experiments, this parameter is unessential when moving in the range 1-3: this is also verified by the numerical analysis of the critical potential, as predicted by the present theory; see Eq. ͑30͒. We assume, for the sake of simplicity, that Ј/ Ќ ϭ2.17, as for one of the mesogenic mixtures used in the experiments.
Concerning the viscosity parameters, ␣ 1 ϭ5ϫ10 Ϫ3 kg/m s, ␣ 3 ϭϪ1ϫ10 Ϫ3 kg/m s, and ␣ 4 ϭ50ϫ10 Ϫ3 kg/m s are assumed as standard values. The elastic constants K 11 and K 33 are considered to be equal, i.e., K 11 ϳK 33 ϳ1ϫ10 Ϫ11 N. The viscous coefficients ␣ 2 and ␣ 5 turn out to be much more critical than the others for achieving the minimum of the function U(q) providing the critical potential, as demonstrated by the numerical simulation: such a parameters have to be estimated by comparing the theoretical threshold U p following Eq. ͑30͒ with the experimental values, minimizing the mean square deviation.
The which is assumed to be equal to ϳ6, as measured for the NLC compounds used in the experiments. As seen from the experimental data ͑see Fig. 3͒ , around the dielectric inversion point, for small absolute values of the real dielectric anisotropy, the threshold is strongly dependent on the frequency: from the numerical simulation such an important dependence is demonstrated to appear only if the term 2 0 / Ќ is comparable with the ratio Ј/ Ќ , that is, if 1Ͻ2 0 / Ќ Ͻ20.
As can be seen from Fig. 5 , the best choice turns out to be, according to the minimum square method, 2 0 / Ќ ϳ5 in the case of low dielectric anisotropy ͑␦ 0 ϭ0.05͒ and 2 0 / Ќ ϳ10, for ␦ 0 ϭ0.35 and 4.7, where ␦ 0 ϵ␦͑ϭ0͒; see Eq. ͑31͒. This result is in agreement with the experimental observations of the parameter 2 i 0 / Ќ .
Based on these facts, we come to the conclusion that the quasistatic modulated structure near the dielectric sign reversal frequency arises mainly due to the dielectric loss and not only in the frequency region, where the usual aperiodic Fréedericksz transition ceases to exist ͑␦Ͼ0͒, but also where the initial P orientation in principle should be stabilized ͑␦Ͻ0͒. Both the free ions and the apparent space charge created by the dielectric loss interact essentially with the external field providing a drag force, which causes a steady electrohydrodynamic motion in the plane perpendicular to the domain direction. The NLC director distribution remains steady and the effective space charge is steady as well, oscillating with the same frequency of the applied field and with a convenient phase shift. The observed texture can be called quasistatic since the stripe borders actually are static, also in the presence of a regular bidimensional distribution of the steady velocity field. The quasistatic model proposed here describes well the experimental data.
